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In this work, the potentially eventually positive double star sign patterns are characterized.
It is shown that, up to equivalence, an (m + n) × (m + n) double star sign pattern
is potentially eventually positive if and only if it is a superpattern of four specific
sign patterns.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
In qualitative and combinatorial matrix theory, a methodology based on the signs of the elements of a matrix is very
useful in the study of some properties of matrices. A sign pattern is a matrix with entries in {+,−, 0}. For a real matrix A,
sgn(A) is the sign pattern whose entries are the signs of the corresponding entries of A. If A is an n-by-n sign pattern, the
qualitative class ofA, denoted by Q (A), is the set of all n-by-n real matrices Awith sgn(A) = A, and we call A a realization
ofA. A subpattern ofA is an n × n sign pattern obtained fromA by replacing some (or possibly, no) nonzero entries ofA
with zeros. If B is a subpattern of A, then A is a superpattern of B. A permutation pattern is a sign pattern matrix with
exactly one entry in each row and column equal to +, and the remaining entries equal to 0. A product of the form STAS,
where S is a permutation pattern and A is a sign pattern matrix of the same order as S, is called a permutation similarity.
Two sign patternsA andB are equivalent ifA = P TBP , orA = P TBTP , whereP is a permutation pattern. A patternA
is reducible if there is a permutation pattern P such that
P TBP =

A11 0
A21 A22

,
whereA11 andA22 are square matrices of order at least 1. A pattern is irreducible if it is not reducible.
An n × n sign pattern A = [αij] has signed digraph Γ (A) with vertex set {1, 2, . . . , n} and for all i and j, a positive
(negative) arc from i to j if and only if αij is positive (negative). A (directed) simple cycle of length k is a sequence of k arcs
(i1, i2), (i2, i3), . . ., (ik, i1) such that the vertices i1, . . . , ik are distinct. A digraph D = (VD, ED) is primitive if it is strongly
connected and the greatest common divisor of the lengths of its cycles is 1; see, e.g., [1,2]. A sign patternA is primitive if its
signed digraph Γ (A) is primitive.
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Recall that an n × n real matrix A is said to be eventually positive if there exists a positive integer k0 such that Ak > 0
for all k ≥ k0; see, e.g., [3,4]. An n× n sign patternA is said to be potentially eventually positive (PEP) if there exists some
A ∈ Q (A) such that A is eventually positive; see, e.g., [3]. Sign patterns that allow eventual positivity have been investigated
in [3]. For n ≥ 4, the identification of necessary and sufficient conditions for an n×n sign pattern to be potentially eventually
positive remains open.
In this work, we address the potential eventual positivity of double star sign patterns. It is shown that if A is an
(m + n) × (m + n) double star sign pattern, then A is potentially eventually positive if and only if A is equivalent to
one of the superpatterns of the sign pattern S1m,n, S
2
m,n, S
m+1
m,n or S
m+2
m,n in Theorem 1.
2. Preliminaries
In this section, we establish some necessary conditions for an (m + n) × (m + n) double sign pattern to be potentially
eventually positive. Recall that for a sign pattern A = [αij], the positive (respectively, negative) part of A, A+ = [α+ij ]
(respectively,A− = [α−ij ]) is defined as
α+ij =
+ if αij = +,
0 if αij = 0 or−,

respectively, α−ij =
− if αij = −,
0 if αij = 0 or+

.
It is known that a sign pattern is PEP if its positive part is primitive. The following Lemmas 1–3 are quoted from [3], to
allow us to state our results clearly.
Lemma 1. If an n× n sign patternA is PEP, then:
(1) Every row and column of A has at least one+ and the minimal number of + entries inA is n+ 1.
(2) Every superpattern of A is PEP.
(3) If Aˆ is the sign pattern obtained from sign patternA by changing all 0 and − diagonal entries to +, then Aˆ is PEP.
(4) There is an eventually positive matrix A ∈ Q (A) such that:
(a) ρ(A) = 1.
(b) A1 = 1, where 1 is the n× 1 all ones vector.
If n ≥ 2, the sum of all the off-diagonal entries of A is positive.
Lemma 2. If A is the block sign pattern

A11 A12
A21 A22

withA12 = A−12,A21 = A+21, andA11 andA22 square, thenA is not PEP.
Following [3], we use the notation ? to denote one of 0,+,−;⊖ to denote one of 0,−;⊕ to denote one of 0,+; and [+]
(respectively, [−]) to denote a sign pattern consisting entirely of positive (respectively, negative) entries.
Lemma 3. Let A be the checkerboard block sign pattern
[+] [−] [+] · · ·
[−] [+] [−] · · ·
[+] [−] [+] · · ·
...
...
...
. . .

with square diagonal blocks. Then−A is not PEP, and if A has a negative entry, thenA is not PEP.
Next, we turn our attention to the double star sign patterns.
Recall that a square sign patternA = [αij] is combinatorially symmetric ifαij ≠ 0wheneverαji ≠ 0. For a combinatorially
symmetric sign patternA = [αij], if αij = αji for any i and j, thenA is said to be symmetric. Let G(A) be the graph of order
nwith vertices 1, 2, . . . , n and an edge {i, j} joining vertices i and j if and only if i ≠ j and αij ≠ 0. We call G(A) the graph of
the patternA. A combinatorially symmetric sign patternA of order n is called a star sign pattern, denoted by Sn, if G(A) is
a star. Similarly, a combinatorially symmetric sign pattern matrixA is called a double star sign pattern if G(A) is a double
star; see, e.g., [5]. Note that loops are allowed. For m ≥ 2 and n ≥ 2, consider the double star sign pattern obtained from
two stars Sm and Sn by joining the two centers of the stars with an edge
Sm,n =

∗ ∗ · · · ∗ ∗
∗ ∗
...
. . .
∗ ∗
∗ ∗ ∗ · · · ∗
∗ ∗
...
. . .
∗ ∗

,
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where ∗ denotes the nonzero entries and the entries not specified in the sign pattern are all zeros. The (i, j)th entry of an
(m+ n)× (m+ n) double sign pattern Sm,n is denoted by si,j.
We proceed by showing the following necessary conditions.
Lemma 4. Let Sm,n be an (m+ n)× (m+ n) double star sign pattern. If Sm,n is PEP, then Sm,n is symmetric.
Proof. We complete the proof by showing that s1,isi,1 = + for i = 2, 3, . . . ,m + 1 and sm+1,isi,m+1 = + for i =
m+ 2,m+ 3, . . . ,m+ n.
Step 1.We show that s1,m+1sm+1,1 = +. By way of a contradiction, assume that s1,m+1sm+1,1 = −. Without loss of generality
let s1,m+1 = −, sm+1,1 = +. Then Sm,n is not PEP by Lemma 2; this is a contradiction.
Step 2.We show that s1,isi,1 = + for i = 2, 3, . . . ,m. Without loss of generality, assume that s1,k = + and sk,1 = − for some
k such that 2 ≤ k ≤ m. Since Sm,n is PEP, then there exists an eventually positive real matrix A ∈ Q (Sm,n) such that the
sum of every row of A is 1 and ρ(A) = 1 by Lemma 1(4). By Theorem 2.3 in [4], both A and its transposition have the strong
Perron–Frobenius property. That is, A has a positive left eigenvector for its spectral radius ρ(A). Without loss of generality,
let wT = (1, w2, . . . , wm+n) be a positive left eigenvector for eigenvalue ρ(A). To state this clearly, we denote the (i, j)th
entry of A by aij. Then by the equalitywTA = wT , we have a1k +wk(1− ak1) = wk. So,wk = a1kak1 . Since sgn(a1k) = s1k = +
and sgn(ak1) = sk1 = −,wk < 0; this is a contradiction. It follows that s1,isi,1 = + for i = 2, 3, . . . ,m.
Step 3. We show that sm+1,isi,m+1 = + for i = m + 2,m + 3, . . . ,m + n. The proof is similar to that in Step 2. We
omit it. 
Lemma 5. Let Sm,n be an (m+ n)× (m+ n) double star sign pattern. If Sm,n is PEP, then there exists at least a positive diagonal
entry, i.e., sk,k = + for some k such that 1 ≤ k ≤ m+ n.
Proof. By way of a contradiction assume that all the nonzero diagonal entries are −. Since Sm,n is PEP, then by Lemma 1
we have s1,i = si,1 = + for i = 2, 3, . . . ,m and sm+1,i = si,m+1 = + for i = m + 2,m + 3, . . . ,m + n. By Lemma 4,
s1,m+1sm+1,1 = +. It follows that, up to equivalence,
Sm,n =

⊖ + · · · + −
+ ⊖
...
. . .
+ ⊖
− ⊖ + · · · +
+ ⊖
...
. . .
+ ⊖

or
Sm,n =

⊖ + · · · + +
+ ⊖
...
. . .
+ ⊖
+ ⊖ + · · · +
+ ⊖
...
. . .
+ ⊖

.
But all the sign patterns listed above are not PEP, for there exist some of their superpatterns that are checkerboard block
sign patterns. So Sm,n is not PEP; this is a contradiction. It follows that there exists at least one positive diagonal entry. 
Lemma 6. Let Sm,n be an (m+ n)× (m+ n) double star sign pattern. If Sm,n is PEP, then s1,i = si,1 = + for all i = 2, . . . ,m,
and sm+1,j = sj,m+1 = + for all j = m+ 2, . . . ,m+ n.
Proof. Since Sm,n is PEP, Sm,n is symmetric by Lemma 4. If suffices to show that s1,i = + for all i = 2, . . . ,m, and sm+1,j = +
for all j = m+ 2, . . . ,m+ n. Let k be the number of indexes i such that s1,i = − and 2 ≤ i ≤ m, t be the number of indexes
j such that sm+1,j = − andm+ 2 ≤ j ≤ m+ n. It is clear that 0 ≤ k ≤ m− 1 and 0 ≤ t ≤ n− 1. Next, we show that k = 0
and t = 0. By way of a contradiction, assume that k > 0 and t > 0. By relabeling the vertices of G(Sm,n), we can make all
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the negative arcs be (1, i) and (m + 1, j), where i = 2, . . . , k + 1 and j = m + 2, . . . ,m + t + 1. Then, up to equivalence,
we have
Sm,n =

? − · · · − + · · · + ∗
− ?
...
. . .
− ?
+ ?
...
. . .
+ ?
∗ ? − · · · − + · · · +
− ?
...
. . .
− ?
+ ?
...
. . .
+ ?

.
By Lemma 4, we get s1,m+1 = sm+1,1. Now, consider the sign pattern Sˆm,n obtained from Sm,n by changing all the diagonal
entries to+.
Case 1. s1,m+1 = +
The superpattern of Sˆm,n is of the form
[+]1×1 [−] [+] [−] [+]
[−] [+]k×k [−] [+] [−]
[+] [−] [+](m−k)×(m−k) [−] [+]
[−] [+] [−] [+]t×t [−]
[+] [−] [+] [−] [+](n−t−1)×(n−t−1)

and is not PEP by Lemma 3. It follows that Sm,n is not PEP. So the assumption is contradicted.
Case 2. s1,m+1 = −.
The superpattern of Sˆm,n is of the form
[+]1×1 [−] [+] [−] [+] [−]
[−] [+]k×k [−] [+] [−] [+]
[+] [−] [+](m−k−1)×(m−k−1) [−] [+] [−]
[−] [+] [−] [+]1×1 [−] [+]
[+] [−] [+] [−] [+]t×t [−]
[−] [+] [−] [+] [−] [+](n−t−1)×(n−t−1)

and is not PEP by Lemma 3. It follows that Sm,n is not PEP; this is a contradiction.
If k = 0 and t > 0, or k > 0 and t = 0, by a similar discussion, we can show that Sm,n in not PEP; this is a contradiction.
Hence, we have k = 0 and t = 0. 
Lemma 7. If an (m+ n)× (m+ n) double star sign pattern Sm,n is PEP, then all the nonzero entries si,j (i ≠ j)must be positive.
Proof. By Lemma 6, we have s1,i = si,1 = + for all i = 2, . . . ,m and sm+1,j = sj,m+1 = + for all j = m+ 2, . . . ,m+ n. Then
it suffices to show that s1,m+1 = sm+1,1 = +. By way of a contradiction, assume that s1,m+1 = sm+1,1 = −. Then consider
the sign pattern Sˆm,n obtained from Sm,n by changing all the diagonal entries to+. It is obvious that the superpattern of Sˆm,n
is of the form[+]m×m [−]
[−] [+]n×n

and is not PEP by Lemma 3. It follows that Sm,n is not PEP; this is a contradiction. 
3. PEP double star sign patterns
To characterize the PEP double star sign patterns, we introduce the minimal PEP sign patterns.
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Definition 1. An n×n sign patternA is said to be aminimal potentially eventually positive sign pattern (MPEP sign pattern)
ifA is PEP and no proper subpattern ofA is potentially eventually positive.
Recall that every superpattern of a PEP sign pattern is also PEP. Let Sim,n be a double star sign pattern such that all the
nonzero off-diagonal entries are positive and the (i, i) entry is+ and all the other diagonal entries are zero, 1 ≤ i ≤ m+ n.
For example,
Sm+1m,n =

0 + · · · + +
+ 0
...
. . .
+ 0
+ + + · · · +
+ 0
...
. . .
+ 0

.
Theorem 1. If m ≠ n, then the double star sign patterns S1m,n, S2m,n, Sm+1m,n and Sm+2m,n are MPEP.
Proof. Since the signed digraph of S1m,n = [sij], Γ (S1m,n), is primitive, S1m,n is PEP. Next we show the minimality. By the
irreducibility of PEP sign patterns, s1,i = si,1 ≠ 0 for i = 2, 3, . . ., m + 1 and sm+1,i = si,m+1 ≠ 0 for i = m + 2, m + 3, . . .,
m + n. If s1,1 = 0, then the corresponding sign pattern is not PEP by Lemma 5. Hence, no proper subpattern of S1m,n is PEP.
It follows that S1m,n is MPEP.
Similarly, we can show that S2m,n, S
m+1
m,n and S
m+2
m,n are MPEP. 
To get the characterization of MPEP double star sign patterns, we need more lemmas.
Lemma 8. Let Sm,n be an (m + n) × (m + n) double star sign pattern and s1,1 = +. If Sm,n is MPEP, then si,i = 0 for all
i = 2, . . . ,m+ n.
Proof. By way of a contradiction assume that there exists some k such that sk,k = ∗ and 2 ≤ k ≤ m+ n. Since Sm,n is PEP,
it follows that all the off-diagonal entries denoted by ∗ are+ by Lemma 7. If s1,1 = +, then Sm,n is a superpattern of S1m,n in
Theorem 1. Hence, S1m,n is not PEP since Sm,n is MPEP. So Theorem 1 is contradicted. 
The following Lemmas 9–11 can be proved similarly.
Lemma 9. Let Sm,n be an (m+ n)× (m+ n) double star sign pattern and s2,2 = +. If Sm,n is MPEP, then si,i = 0 for all i ≠ 2.
Lemma 10. Let Sm,n be an (m+ n)× (m+ n) double star sign pattern and sm+1,m+1 = +. If Sm,n is MPEP, then si,i = 0 for all
i ≠ m+ 1.
Lemma 11. Let Sm,n be an (m+ n)× (m+ n) double star sign pattern and sm+2,m+2 = +. If Sm,n is MPEP, then si,i = 0 for all
i ≠ m+ 2.
Now, we turn our attention to the characterization of the MPEP double star sign patterns.
Theorem 2. Let Sm,n be an (m + n) × (m + n) double star sign pattern and m ≠ n. Then Sm,n is MPEP if and only if Sm,n is
equivalent to one of S1m,n, S
2
m,n, S
m+1
m,n and S
m+2
m,n .
Proof. Theorem 1 shows the sufficiency. Next we show the necessity.
Since Sm,n is MPEP, all the off-diagonal entries denoted by ∗ of Sm,n are+ by Lemma 7. It follows that Sm,n contains only
one positive diagonal entry by Lemmas 8–11. Then the graph of Sm,n, G(Sm,n), must have one positive loop and all the arcs
are positive. Up to graph isomorphism, G(Sm,n)must be isomorphic to one of graphs shown in Figs. 1–4.
Case 1. G(Sm,n) is isomorphic to the graph shown in Fig. 1. Then, up to equivalence, Sm,n = S1m,n.
Case 2. G(Sm,n) is isomorphic to the graph shown in Fig. 2. Then, up to equivalence, Sm,n = S2m,n.
Case 3. G(Sm,n) is isomorphic to the graph shown in Fig. 3. Then, up to equivalence, Sm,n = Sm+1m,n .
Case 4. G(Sm,n) is isomorphic to the graph shown in Fig. 4. Then, up to equivalence, Sm,n = Sm+2m,n . 
The following two corollaries follow readily from Theorem 2.
Corollary 1. Let Sm,n be an (m+ n)× (m+ n) double star sign pattern. Then Sm,n is PEP if and only if Sm,n is equivalent to one
of the superpatterns of S1m,n, S
2
m,n, S
m+1
m,n or S
m+2
m,n .
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Fig. 1. Graph of double star sign patterns with one loop at vertex 1.
Fig. 2. Graph of double star sign patterns with one loop at vertex 2.
Fig. 3. Graph of double star sign patterns with one loop at vertexm+ 1.
Fig. 4. Graph of double star sign patterns with one loop at vertexm+ 2.
Corollary 2. If m = n, then every PEP double star sign pattern Sm,n is equivalent to one of the superpatterns of S1m,m or S2m,m.
That is, up to equivalence, there are only two MPEP double star sign patterns.
It is clear that Corollary 1 characterizes all the potentially eventually positive double star sign patterns. We end the work
by noting that the number of+ entries in an (m+ n)× (m+ n) double star sign pattern that is MPEP is 2(m+ n)− 1.
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